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We give a simple and genuine method for the derivation of free field equations. Within our
approach, the field equations represent necessary and sufficient conditions for the field representa-
tion to be a unitary and irreducible representation of a covering group of the full Poincaré group.
The method is applied to particles with spin less than or equal to one.

1. Introduction

If a further paper is added to this intensively
cultivated territory, one is forced to give reasons:
For our taste, the known ways!™!! to derive free
field equations are unsatisfactory in so far as they
do not yield a background which motivates the
introduction of field equations. The knowledge
would be useful, for example, in general relativity
if field equations in analogy to the known field equa-
tions in Minkowski space are to be derived.

We present a method for the derivation of field
equations !> which permits  calculating them in a
natural way. As starting point we use that the moti-
vation for the transformation law of fields in field
theory has been claryfied nowadays in connection
with the theory of G-bundels 3715, where induced
representations 1 of groups appear as a conse-
quence of a profound geometrical concept. The field
representations emerge in this context as representa-
tions of the Poincaré group with the Lorentz group
as inducing subgroup.

The unitary and irreducible representations of
the Poincaré group which have been classified by
Wigner 17, are induced representations too; how-
ever, the induction process is a different one. This
suggests comparing these representations with the
field representations. Such investigations — on the
understanding that the field equations exist already —
have been done 8.

We go the other way round — that is, forget the
field equations — and interpret the field representa-
tion as autonomous. Which properties have these
representations? As can easily be shown, they are
neither unitary nor irreducible. Because these prop-
erties are “elementary” attributes of field theory,
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we investigate the question whether these represen-
tations may be restricted to a subspace on which
they act unitarily and irreducibly.

This is indeed possible. We shall show how to
calculate the restricting conditions for the represen-
tation space !°. These are just the well known field
equations. In this framework, the field equations are
the necessary conditions to make the field represen-
tation unitary and irreducible.

Because the method is not restricted in its range
of application it may be applied to more sophisti-
cated problems, for example to the de Sitter model
of general relativity 20.

The field equations turn out to be not only ne-
cessary but even sufficient conditions for the field
representation to be unitary and irreducible. We
shall prove this by establishing the equivalence with
the representation in Wignerian form. This offers a
simple theory for solving the field equations, which
allows to give the solutions for definite orientation
of spin explicitely. For photons so far only proper-
ties of the solutions were known but not the solu-
tions themselves. A further peculiarity of our pro-
cedure is that we generate the solutions with the
help of a Wigner boost which contains only pure
Lorentz transformations for finite as well as for
vanishing mass. In the former case this is quite
familiar, but in the latter it seems not to be known
in the literature. This choice is advantageous because
both cases — just as in the helicity formalism 2! —
can be treated in a unique way.

For the massless vector field the statement that
the field equations are even sufficient to guarantee
unitarity and irreducibility is true only with some
modification. In this case not the fields themselves
carry a unitary and irreducible representation, but
the equivalence classes of fields modulo gauge trans-
formations.
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The field representation is a representation of the
full Poincaré group, more exactly a representation
of one of the eight covering groups of the full Poin-
caré group 822, Hence, the field representation
restricted by the field equations can act irreducibly
only with respect to one of the covering groups of
the full Poincaré group. It should be observed that
the representation must be unitary; by no means the
transformations containing the time inversion can
be chosen to be antiunitary. In this case the restric-
tion to the identity component would contain only
positive energies. This is contradictious to the fact
that the Klein-Gordon equation does contain also
solutions with negative energy.

At first sight one might be inclined to think that
the Wignerian theory — that is, the pure mathemati-
cal theory of unitary and irreducible representations
of the Poincaré group — could be able to absorb free
field theory completely. This impression is not cor-
rect, because the field representations restricted by
the field equations contain more than the mere fact
that they reproduce unitary and irreducible repre-
sentations of the Poincaré group. For example they
tell us that for particles with spin one half the dis-
crete elements have to anticommute.

The paper is organized as follows: The second
part collects the necessary basics, the only unusual
features being the choice of the Wigner boost for
mass zero and the effect of space inversion in a
representation of one of the coverings of the full
Poincaré group. The derivation of the field equa-
tions for particles with spin less than or equal to
one is given in the third, the proof of unitarity and
irreducibility of the field representations restricted
by the field equations in the fourth part.

2. Notation

I. The Lorentz and Poincaré Group

The metric tensor g over Minkowski space M
with elements z= (2*),_.0,1,2,3 is taken to be
g=diag(+ — — —). An element A= (A4%,),_.0,1,2,3
of the Lorentz group L maps z into 2" = Az such
that the indefinite scalar product over M is left in-
variant. The infinitesimal operators

(M=)e, =i{geg.—g". g} (21
of L satisfy the commutation relations
[M;w, Mor] = EH i {guo Mv1
+gr1 Mug-gme —Gre MM} ® (2'2)
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As representatives of the decomposition of L with
respect to the identity component L; we use the
identity, the space inversion, the time inversion and
the total inversion:

4,=1,
so that

AST =-1 )
(2.3)

AS =9, AT =—9,

L= §L1AJ > J=1,8T,sT-
An element of the Poincaré group P maps z into
o' = Az +a. In addition to the elements of the Lie
algebra of L the Lie algebra of P contains the ope-
rators P, with commutation relations

[MMVPT]:_i{gutpv_gvtpu}$[P/qu]=0' (2'4')
The two Casimir operators of P are
CH=P“ P, CIV=W,4 W (2.5)

where We=2¢ev*M,,P,. W? may be written in
the form:

w2— — {%M,Lw MW )2 pr + Mw Mw p” Pr} . (2.6)
I1. The Universal Covering Group of L, and P,

The universal covering group L; of L; acts as
transformation group on X =uz“y,, where the
y-matrices obey the relation

Yulv 75 Vu=2Gur - 2.7)
They have the form
0 o o=(1,—0")i-1,03
M= — o 2.8
’ (0‘” 0 )’ o= (1, +0")k-1,23 (2.8)
with o* being the Pauli matrices.
An element 4 of L, transforms X into
X' =4X41 (2.9)
where A= (/(l) 3?—1) and A€SL(2,0).
This defines the universal covering map
a: SL(2,C)— L, (2.10)
which is explicitely given by
A, =3 Tr{o* Ao, A} . (2.11)

Because L, is the part in P; which is not simply
connected, the universal covering group Py of Py is
known too.

I11. The Covering Groups of L and P

The Lorentz group is not connected, hence, sev-
eral covering groups L of L exist!® 22. The analogue
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to (2.3) is valid:

i:ZJilAJ, a(Ay) = A;. (2.12)

The multiplication for the elements of L is deter-
mined by

As A=o0y5(A) Ay, (2.13)
os(A) = A1 =01 (A), 0,(A) = A=0s1(A)

and

|1 A Ar  Asr
1 |1 4 Ar  Asy
AS -AS €3 1 AST &g AT &= +1
Ar Ar  egepesy Agr erl &g g7 As
Ast | Ast eresrAr epAs esrl (2.14)
From (2.14) can easily be derived:
As Ay =€ Ay Ay, e=egeregr
17,57 =g 1,57 (2.15)

Thus, there exist eight non-isomorphic covering

groups of L, four with commuting and four with
anticommuting discrete elements. The problem to
find the covering groups of P has already been
solved if those for L are known.

1V. Unitary and Irreducible Representations of i’l

The complete system of unitary, irreducible rep-
resentations of P; has been determined by Wigner 7.
We are only interested in the following series.
m>0)

The representations have the form
U(a, A)p(p+) =€=D® (Ui A Asip.) (A7 ps)
p:E€Hnso={peM|p2=m?>0,p* =0}

A=7(A)

where A(A,p.) = Ayt AA . is an element of
SU(2), the stationary subgroup of p. = (+m,0,0,0),
and D® a unitary, irreducible representation of
SU(2) with s=0,3,1,%,... A usual choice of the
Wigner boost is

(2.16)

w=VYm? +p?

1 m+ ot pd i(p‘—ip2)>
= S _ 2.17
A= V(o +m) (i(p‘+ip2) m+o ¥ p* A = Ap. B
and the corresponding element in L,
LS.
A= ™ Ab, = A4,,. (2.18)
k ko
+ b gki— _pp'—
T m m(w+m)/ ki-1,23

It contains only pure Lorentz transformations. The representation U is unitary with respect to the scalar

product
((p’ ‘P,) = if dlu (pi) Z_¢* (Pt,sg)‘P' (Pzass) (219)
m0 . d3p

where p(p:) = SZ(P(P:ass)eS, and d#(Pt)=-aT=d,u(AP:)
is the invariant measure over H%,. The eigenvalues of the Casimir operators are:

U(Cy) =m?, U(Cry) =-m?s(s+1). (2.20)
These representations we label by [ £m,s].
m=0)

In this case _
U(a,A) p(p:) =e@P:exp{isa(A,p:)}p(A 1p.) (2.21)

where

p:€ Hu—o, exp{Lia(Ap:)/2} = (At AAsr )Y

and Ji(fl,pi) = Ayt AAs,. is an element of E(2), the stationary subgroup of p.=(%1,0,0,1):

: exp{+ia,/2} exp{—ia,/2}w,
Hg= (0 exp{—ia,/2} )

w.=u.+iv:, 0Z a. S 4.

; (exp{—ia_/2} 0
A__(exP{—ia-/z}w- exP{+ia‘/2})
(2.22)
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With the help of (2.11):

c

w.l2 .
l tl in F (—si = th
1+ —2— +(cosa.u. +sina.v:) (—sinasu. +cosa;v.) 5
"1 " i tsina i
] , i , : N (2.23)
Vs +sma. Cos a. By
= d - + 2
i i w
! 2‘:| +(cos(1¢ u. sina; v.) (—sina.v. +cosa.v.)1 [ 2i1
\ 7

D®) (A.) =e*** is a one-dimensional, unitary and irreducible representation of the stationary subgroup
with s=0, £4,£1,%+3,... As Wigner boost we choose a matrix which establishes the greatest possible
similarity of the representations with m>0 and m =0:

Y 1 (w—}-ps
pl4ip? 2+w—p

7t T Y2(0+pY)

Ay = At

pl_ip2 )
—’4;1 =-’4p¢ )

(2.24)

Again it contains only pure Lorentz transformations. The computation of the corresponding Lorentz

transformation with the help of (2.11) yields:
-P*-1) +(w+1)w

F(w+1)py

Flwo+)p, T(EP*-1Dx(P*-Nw

__ 1 T (w+1)p' (0+p®) —p'py —p'p2 (p*—1)p!
P 3 2 2 3 2 3 2 I (2'25)

+p T (w+1)p* —ppy (0 +p?®) —p*ps (P*-1p

Flw+)t(w+1)p* - (P*-1)p, - @P*-Dp; (0+1)+ (p>-1)p?

The scalar product has the same form with s;=s as has been given in (2.19). The Casimir operators
both have the eigenvalue zero. These representations we label by [ =0, s].

V. Representations of Land P

The linear, irreducible and Iinite dir}_lensional
resp. unitary representations of L resp. P can be
obtained with the help of a theorem due to Clif-
ford 2.

The finite dimensional, irreducible representa-
tions of L have been studied by Gelfand, Minlos
and Shapiro 8. Their results differ from ours. We

only list the inequivalent representations of dimen-

sion less than or equal to four:

0) D (A) =1
D(As) =1,

(2.26)
D(Ar) =erl, D(Agst) =%sérl

. Pl ~ ~
(es, €r, €s7) is arbitrary and &g, ép= t 1.

1) D(A) =4 (2.27)
(ess erses7) | 4s A Asr

(4, = +)| 7 &y &y &==1
(4,4, =) 7 i80°% ifry® pS=ipyty®ys.
(=s+, +)ir® iery?y® —epy

(=5 =5 =)iy® —2p*y® —iepy®

The only property of the representations with com-
muting discrete elements we need is that Agr is a
multiple of the identity.

1) DA)=n(A) =4, D(As)=és4s,
D (Ar) =ér Ay, D(Ast) = ésé7 Agr

(es, €1, &s7) is arbitrary and &g, ep=£1.

(2.28)

The antiunitary ray representations of P have
been investigated extensively "> 18 24, We shall see,
however, that in our framework it is only meaning-
ful to deal with fields which transform under uni-
tary representations of P. Investigations of this sort
of representations are rare and detailed only for
m>0. Therefore, we list here the system Q_f those
unitary and irreducible representations of P which
contain representations of ﬁl with pi=m22>0 if
restricted to Py:
m>0)

The restriction to P; decomposes into the direct
sum with positive and negative energy:

U(asjl) Z (p(Pia 53) e:,
= ¢laps Z D® (Al_ii AA;I_ng)s,s,' @ (A_l P+ 33,) e:,

l‘s ‘Bg

U(As) 2 @(p+,s3) e,
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U(As) 2 @(p-,s3) es, (2.29)
) =n(8)23(ES)SSZMAs"p-,sg)e;,

U (Ar) g P(p.,s3) €5, = g ‘P(XAT_IPHS:;) es,

U (Ar) é@(p-,%)e;, ,

=(en)* 2 @(Ar~1p_,s3) €5,

U(Ast) =U(As) U(Ar) a==%1.

m =0)

The restriction to P; contains in addition to a
representation with helicity +s the representation
with helicity —s and together with a representation
with positive energy the representation with nega-
tive energy:

U(a,A) [@(p-,s3)es, ] =€ explisga(A,pL)} @(A 1 ps,s3) e,

sg= s

s=0,%1, 3,...
U(AS) [(I’(P+,+S)e++s:| =e_isl"p(AS—lP+,+5)e:s

(2.30)

U(AQ) [‘P(P+,—5)e+—s] = (_85)23 e+i31+ ¢(AS_1P+’ _s)e++3

U(As) [p(p-,+s)ers] = (e)F e br <P.(As_’P-a+S)€_—s

U(As) [p(p-,—s)eZs]=(—¢ees)® e*r @(As™ip_,—s)ess
et = —pliip?V(w+p) (0—p°) =e it

U(AT) [(p(PHi-s)e:_“s 1 =¢(AT_1P+si3)e;8

UAr) [p(p-, L s)exs] = (en)* @(Ar ' p-,

U(Ast) =U(Ag) U(Ar) .

ts)ess

These formulas remain unchanged in the helicity formalism.

3. Field Representations

I. Induced Representations and Fields

Let G be a transitive Lie transformation group on
the manifold M and G the stationary subgroup of
the point z of M. Because M and G/G are diffeo-
morphic, the decomposition of G with respect to >
may be written:

G= Zg,é,
zei

The representation T’ of G, which is induced by the
unitary representation D of G on ¥V, acts on

L?(M, u,V) and is defined as follows 25:

du(a? 3
Tg)y(=) = {!;7(5(1—):2} D(g: 1gg,)w(g 1) .
(3.2)

(3.1)

geT=2.

It is unitary with respect to

(v, 2) =Mfd#(x) (w(2), 2(2))

where (,) is the scalar product over V' and u the
measure over M.

The representation (3.2) can be shown to be
equivalent to the version of induced representations
given by Mackey 1. It is well known that the

series of unitary and irreducible representations of
P, are obtained just in this way [cf. (2.16) and
(2.21)].

We change the concept in one point and do not
require D to be unitary. Then of course T is no
longer unitary. ,

If we choose as manifold the Minkowski space M
and as transformation group the Poincaré group P
we get well known representations: The stationary
subgroup of x=0 is the Lorentz group L, hence
1;'/[,~ is diffeomorphic to M. If D is a finite dimen-

sional, irreducible representation of L we get
T(a,A)y(z) =D(Ay (47! (x~a))
T(Un)y () =DUA)y(4;712) . (3.3)

This is the transformation law of fields as it ap-
pears in relativistic field theory. Because (3.2) fol-
lows from the geometrical concept of G-bundles 3713,
we are of opinion that this is the framework which
is at the bottom of the transformation law of fields.

Of course, the field representation (3.3) of P is
neither unitary nor irreducible. We examine the
question whether the representation space can be
restricted to a subspace on which the representation
acts unitarily and irreducibly. We shall demonstrate
that this can be done indeed. The restricting con-
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ditions for the function space have just the form of
field equations.

The field equations thus enforce the field repre-
sentation to become a unitary and irreducible re-
presentation of the Poincaré group.

11. Field Equations

If the field representation is to be restricted to a
unitary and irreducible representation, evidently
first the condition has to be satisfied that the Casimir
operators act as a multiple of the identity operator.
Using the infinitesimal operators

T(P,) =i3,,

TM,)=DM,,) +i(x,9,—z,3,) (3.4)
the invariants (2.5) take the form
T(Cy) = —9,09~, (3.5)

T(Cv)=3%D(M~)D(M,,)3" 3,
+D(M=)D(M,,)3,9".

Hence we have to require:

a) T(Cy) =m*. (3.6)
This is the Klein-Gordon equation

(9,3 +m?)y(z) =0. (3.7)
b) T(Cw)=—-m2s(s+1). (3.8)

We only examine the representations (2.26), (2.27)
and (2.28). The case of arbitrary spin will be dealt
with in a later publication.
0) D(A) =1

We get T(Cry) =0, so that s=0 is necessary
for m>0.
3) D(A) =4

With the infinitesimal operators D(M,,) =
i12(. 7y —Gw) we get T(Cry) =—1m? which
requires s =% for m>0.
1) D(A) =4

By means of (2.1) one can easily compute:
[T(Crv)w]*(x) = —2m2y*(z) —20" 0,y (2) .

The second invariant is no multiple of the identity
in this case. We can achieve it however if
3“9, y”(z) =0 is required, this yielding the Lo-

rentz convention for s=1 and m>0:
Qv (x) =0. (3.9)

For m =0 it can be shown that (3.9) is necessary
too.
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We shall prove that for s=0 the Klein-Gordon
equation and for s=1 the Klein-Gordon equation
together with the Lorentz convention suffice to
guarantee the unitarity and irreducibility of the field
representations.

The field representation for s =% with the Klein-
Gordon equation as subsidiary condition, however,
is not yet irreducible. In this case we try to find
additional commuting operators. If such an operator
exists Schur’s lemma suggests the following proce-
dure: We try to enforce unitarity and irreducibility
by means of the requirement that this operator acts
as a multiple of the identity.

Because the infinitesimal operators act as differ-
ential operators, it suggests looking for invariant
differential operators. We try to do the end with the
simplest type, the differential operator of first order

C(z)3,+C(z) (3.10)
where C“(z) and C(z) are elements of L(V,V).

The invariance condition reads
[C(2)3,+C(x),T(a,A| A)]=0. (3.11)

The commutativity with the translations requires the
matrices to be constant over M and the commuta-
tivity with the homogeneous transformations:

[C’D(AIAJ)] =09
D(A)C*DY(A) = A, C",
D(AJ) C* le (_AJ) = AJ,;“ .

Because the representation D of L is irreducible, we
can assume that the invariant operator is a pure
differential operator with C = 0. The remaining con-
ditions require the (C“),_¢.1.2.3 to transform as a
four-vector under the representation D of the com-
plete Lorentz group L.

The application to s =3 is simple: (2.9) shows
that the y-matrices behave as a four-vector with
respect to L,. Because % commutes with 4,
(»°7") u=0.1.2.3 is a four-vector too. It can be proved
that these are indeed the only ones.

Furthermore it is readily verified with the help
of (2.27) that ('C-”:}‘")‘,,:O‘l_g.;} is a four-vector
even for the anticommuting discrete transforma-
tions. This holds not true for (C*“=957%),_0.1,2,3»
a four-vector for commuting discrete elements does
not exist. Thus we require:

73, y(x) =2 yp(x) .

The constant / takes the values *im, as can easily
be seen by twofold application of the invariant

(3.12)
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operator. The sign is irrelevant, we choose:
(L 7'” a[t—m)l/"(x) =O' (3-13)

This is just the Dirac equation.

4. Proof of Unitarity and Irreducibility

1. Equivalence of Field Representations and
Wignerian Representations

To establish the equivalence to unitary irreducible
representations we recall that in each case the Klein-
Gordon equation has to be satisfied, the solutions of
which we write

y(x)=[du(p.)e- Py (p,)
+[du(p-)e y(p.)

with arbitrary v (p,) and vy (p_). They inherit the
transformation law

T(a,A)y(p:) = e*D(A)w(A 1ps),
T(AJ)W(Pr) =D(/4J)TP(AJ~1P:) .

The restriction of this representation to Py is equi-

(4.1)

(4.2 a)
(4.2 b)

m>0: D(—/it)e(pr,53)= ZD(S)(At)s,'s, 9(1.7:,53,) S3= —Sy.009 +8,

m=0:

For m =0 this is only valid with some unessential
modification which will be given below.

Hence we obtain the result that the representation
(4.2 a) is equivalent to [t m,s] for m>0 resp.

D(Jq.t)e(i)ia 33) = gl e(i’ta%)
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valent to a representation in Wignerian form7: To

prove this, we define the function ¢ (p.) by
y(p.) =D(Ap)p(p:) .

With the help of (4.2 a) we obtain

pp:)—U(a,A)p(p:)
=e@rs D(Apt AAp) (A7 py) (4.4)

which is the required result.

(4.3)

Thus we may deduce: Suppose, a field represen-
tation is induced by a representation of SL(2,C)
which is irreducible with respect to SU(2). If the
Klein-Gordon equation with m>0 is imposed as
subsidiary condition and in addition negative en-
ergies are excluded this representation is equivalent
to a unitary, irreducible representation of ﬁl . Con-
sequently, a nontrivial situation can only arise if
one aims at field representations of the full Poincaré
group.

As we shall show, the remaining field equations
restrict y(p.) for p. =p. to solutions e(ps,s;3)
which transform under an element of the stationary
subgroup as follows:

(4.5)
S3=—S8,+s. (4.6)

(p,y") =[dup.) (w(p.), v (p.))
+[du(p-) (wp-), ¥ (p-))  (4.9)

where

to [£0, +s] @ [£0, —s] for m=0 where s= (w(p:), ¥ (p:)) =yt (ps) DN(AL) D(AD) ' (ps) -

0,%1.

With the help of (4.3) we are able to write the
general 1y (p.) in the form

y(p:) = Z(P(pz,Sg)e(pt,Sg), (4.7)
where we have defined
e(P:,Sg) :D(jll‘t)e(i)i983) . (4.8)

This reduces the problem to solve the field equa-
tions to a fairly easy problem. We shall see that
(4.8) yields exactly the same solution in those cases
which are already known.

The representation T inherits from U the unitary
scalar product

(4.10)

About the discrete transformations nothing can
be stated with such a generality: We anticipate that
indeed they make the field representation a unitary
and irreducible representation of P. Both for m>0
and for m =0 the arbitrariness in the choice of &y
leads to equivalent representations of P. If m=0
and s+ 0 this is equally valid for those representa-
tions of L which differ in the choice of ¢5. For the
sake of brevity we confine ourselves to the following
representations of the discrete transformations:

D (Js) D ()

| (es, €1, £s1)

s=0 ‘ arbitrary 1 1 (4.11)
S=%‘ (+9_,+) ./0 7075
s=1 | arbitrary Ag Ar
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s=0:

This representation is appearently unitary and

11. Proof of Equivalence 1 ( 1 +1

72 B |

In this representation y° is diagonal :

), D(A)=C1t4C. (4.13)

irreducible as a representation of P; the unitary

scalar product is: o (1 O & 0 o
(v y') =L dup)w* (p)v (p.) ! =(0 —1>’ m (—o" 0 ) (1%
+fdu )y () v (p-) . (412)
s=3: m>0:
From the representation (2.8) we change to an The Dirac equation in p-space admits the follow-
equivalent one by means of ing solutions for p. =p.:
1 0 0 0
. 0 s 1 . 0 . 0
e(P+’+%)= 0 J e(PH—%): [V ) e(P—H‘%): 1 ) e(p—s_%)= 0 (4‘15)
0 0 0 1
The notation has been chosen because It can easily be shown that (4.8) indeed leads to
D(J‘i)e(i)i,sg) = 3 DD (A)ys, e(parss) the well known solutions of the Dirac-equation.
8y’ The scalar product takes the usual form:
for Ain SU(2), hence (w(p:), ¥ (p:))=Ev (p:) v (p:) . (4.16)
U(a,A)p(p:) A i Finally, it is readily proved that with the help of the
=e? D (A3, AA_J_‘P*)QO( P:)  giscrete transformations the representation gets a
p(p:) = 2;. @(psss3) e(p,s3) - unitary and irreducible representation of the full
i Poincaré group.
Thus the field representation is equivalent to the
direct sum Bh=k )
[+m, 31D [-m,3]. The basic solutions for p. =p. are:
1 0 0 1
. 1 0 1 1 1 11 @ 1 1 0
e(p+7+%):—— 1) e(PH_%):— (U e(p—’+§)_ 351 0 | e(p_,—§)=—_ =]
Vi 0 Vz = Vz L Vj 0
(4.17)
Under an element of the stationary subgroup they  where )
transform according to p(p:) =4 H(p(pi, sg)e(ps,ss) -
3 = _ piSsax . v
D(A:) e(pssss) =€ €(ps, 53) - Hence the field representation is equivalent to the
To sum up: ) direct sum
U(a, A)p(ps,ss)e®

= exp{issa(A,pE)}p(A 7 psysy) [+0,+31D[+0,-31@[-0,+3]1®[-0,-3].

With the help of
l+w 0 F(1-p?) tp”
1 0 1+w +p* + (1-p3) + 149
Dy - —1 | _ p ) ), propitip,

+pt | E(1-p% 0 1+w
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we get the following basis:

1 ey 1 P
p* e et WP
e(p+,+2) 21/cu+p o +pd 2) 2Vw+pd p s
P’ —0—p¥
1 w4 1 g
B | D -3 = ——— " 4.1
Pt = Vet -p D= ers| —o-p BERE
o +p? ~p*
The scalar product (4.10) can be transformed into:
, 1 ,
(w(p)s ¥ (pe)) = %' (p) ¥ (p) - (4.19)

The investigation of the discrete transformations proceeds as follows: One can show that T (Ag) w(p:)
=%y (Agp.) is a solution of the Dirac-equation with fixed point p’. = (+1,0,0,—1). This fixed point
is contained in the orbit through p.. The Wigner boost A’,. for the fixed point p’. is related to (2.24)
by the equation

Ay = Adlpe = ApuApe et (4.20)
where
0 1 . e+il+/23'il+/2 v - e_il’/2 0 |
B (— 1 O) i AIH - (O e‘il+/2 ) 1 jlp' = (e—iz,/2z_ e+ix,/2)
and
e+l'1+/2: _p1+lp2/‘l/(o)+p3) (w_p3) =e—il_/2’
z,=-2(1+0)p/(0+p®) (0—p®) =2_*, 2. =z, +iz.2. (4.21)
This yields T (Ag) e(p,,, 3) =t ne(p,,F3),
T(As)e(p-,£3)=F¢ 1,_/98(17 PR 5 (4.22)

The action of the time inversion is:

T(Ar)e(p.,t3)=te(p_,F3),

T(Ar)e(p-,£3) = Te(p.,F3). (4.23)
This representation, however, is equivalent to the corresponding representation of (2.30).
s=1; m>0:

The equivalent representation (4.4)
[U(a, 4, A)p]* (ps) =€ (Al Ad sy )" (A7 p.)

decomposes into the direct sum [ £m,0] @[+ m,1]. The Lorentz condition requires however ¢%(p.)=0;

this annihilates the term with spin 0.
The basis is formed with the help of e“;(p.) =g“:

:Fpk
- m
ex(p:) = Ay ex(p:) = g (4.24)
gik“ P Pk
m(w+m) /i 1,23

The canonical basis is

e(p.,t1) = 715 Leglps Y i eg(a) s
e(PtaO)—_-e;;(pi) . (4.25)

e(p-sil) Vz [6’1(P )+132(P )]9
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Using (4.10), we get for the scalar product:

(wp:), ¥ (ps))=—w.* (p:)v*(p.) . (4.26)
BCCHUSG Of T(/lh) e(pia 83) = - e(pis 53) B
T(Ar)e(p=ss3) =e(ps,s3) (4.27)

the equivalence to a unitary and irreducible representation (2.29) of Pis readily verified.

m=0:
). (4.28)

The Lorentz condition permits the solutions
‘/ii e(i)is 53) :eis;,u e(i)i’ 53) _—Feisaai (ui _i53vi) e(pia O) L]

0 +
: L { 3 . =
e(P+ai1)=ﬁ<ig>=e(P—,+l), C(P*a()) 71/—é <
A.e(p.,0) =e(ps,0), sy= 1. (4.29)
This representation of E(2) is reducible, but not decomposable: The multiples of e(p.,0) form an in-
variant subspace; however, an equivalent representation leaving invariant the subspace spanned e.g. by
e(p:,+1) does not exist. The computation of the basis with the help of (2.25) yields:

—_—0 O

An element of the stationary subgroup transforms them as follows:

N
e(p..t1) =é(p.,x 1) + —P—e(p,,0),

v+ p? 1
. e(p:,0) = VZ P (4.30)
LE1) =é(p_, %
e(p ) =é(p_,T1) + w+ 5 elp_,0),
where
p*/ow+p? —plo+p?
o= L), i =— 1 ) (4.31)
L/ +
+ 3 . 8
—p*/o+p —p’lo+p

An element of the identity component acts on the basis elements with s; = £ 1 according to
T(a,4) {¢(p:,s3) e(ps,s3) } —eia’?* P2ldp) @ (A7 ., s3) e(pe, 83)
T eiors ¢5aln) (A7 p.y sy) [u(Apa) —isyv (4,p)] e(pe,0).  (4.32)
By means of (4.20) and (4.21) we get
T(Ag)e(ps,s3) =e ©2te(p.,—s3) Te B+ (2l +isz22)e(ps,0) (4.33)
for the effect of space inversion and
T(Ar)e(ps,s;) =e(ps —s3) (4.34)
for the time inversion.

To achieve irreducibility of this representation, we compute the scalar product for the (non-invariant)
subspace of functions vy (p.) with helicity s;= +1 and s;= — 1 which it inherits from the corresponding
Wignerian representation.

As to be expected, the result is:
(w(p)s v (ps)) = —w.* (p2) ¥*(p.) . (4.35)
If we use this scalar product for the whole space we obtain:

(e(piasfi)s e(P:,S3/)> :55'35‘,'9 <e(P;aO)7e(P:70)>:07 (e(piss;;)a e(p:s O)> :0' (4"36)
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The functions of the form @ (p.,0)e(p.,0) thus have norm 0 and are orthogonal to

v(p:) = Z (p(Pi5S3)e(pt’s3) .

Sy=%1

For this reason we introduce the following equivalence relation®: v(p.) is defined to be equivalent
toy(p.) if
yw(p:)=vw(p:) +4(p:)p= .

The representative of the class of v (p.) we denote by % (p.) [see (4.31)]. On the quotient space the
representation is unitary and irreducible as a representation of P:

T(a,A) {‘P(Pts s3) ?(Pra 53)} = ¢laP: gi%sa(4,p+) (P(A_lpi, s3) €(p+,s3)
T(As)é(Pi,S:;)=e_ls“zté(Pts—33)a T(AT)é(Px,53)=é(P:9—53) (4.37)

where  a(d,p.) —arccos (A AA 1)1, e*itl2 = —plpip? [V (w+p®) (w—pd) —eitl2,
p p:) 1 p p p p

The basis (4.31) belongs to the Lorentz gauge. In concluding we add the corresponding results for the
Coulomb gauge which is obtained in the helicity formalism. The computation of the basis yields:

( 0 W
P’ . p? +
_+ prasmen  SeSmepeaew 3
B "o+ph) P
é(p,,T1)=—=1|p3 _ 1 =é(p_, ¥1). 4.38
(p ) %) PR S ép ) (4.38)
%) o (o +p?)
_p*
)

Indeed, these solutions satisfy €°(p.,s;) =0. They transform in exactly the same way as has been given

in (4.37).
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